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Abstract
Suppose that M is a compact orientable hypersurface embedded in a compact n-dimensional orientable Riemannian manifold N .
Suppose that the Ricci curvature of N is bounded below by a positive constant k. We show that 2λ1 > k − (n−1)maxM |H | where
λ1 is the first eigenvalue of the Laplacian of M and H is the mean curvature of M .
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1. Introduction
Let Ω1 be a n-dimensional Riemannian manifold with smooth boundary ∂Ω1 = M . Let u be a function defined
on Ω1 smooth up to ∂Ω1. Then u and ∇u denotes the Laplacian and the gradient of u with respect to the Rie-
mannian metric on Ω1 respectively, whereas u and ∇u denotes the Laplacian and the gradient of u with respect
to the induced Riemannian metric on ∂Ω1 respectively. For x ∈ Ω1 and X,Y ∈ TxΩ1, we define the Hessian tensor
(D2u)(X,Y ) = X(Yu) − (∇XY)u where ∇XY is the covariant derivative of the Riemannian connection of Ω1. We
denotes the covariant derivative of the Riemannian connection of ∂Ω1 = M by ∇XY .
Let {e1, e2, . . . , en−1, en} be a local orthonormal frame such that at x ∈ ∂Ω1, e1, e2, . . . , en−1, are tangent to ∂Ω1
and en is the outward normal vector. We define h to be the second fundamental form, that is h(v,w) = 〈∇ven,w〉, v
and w are vectors tangent to ∂Ω1 = M , and H to be the mean curvature, that is, H =∑n−1i=1 h(ei, ei)/(n − 1).
Suppose that N is a compact n-dimensional orientable Riemannian manifold whose Ricci curvature is bounded
below by a positive constant k. In [1], Choi and Wang proved that if M is a compact orientable hypersurface minimally
embedded in N , then λ1  k/2 where λ1 is the first eigenvalue of the Laplacian of M . By using similar technique
in [1], we show that if M is a compact orientable hypersurface embedded in N , then 2λ1 > k − (n − 1)maxM |H |.
Combining this with the result of Yang and Yau in [2], we obtain an upper bound for the area of some embedded
surfaces in a compact orientable Riemannian manifold with positive Ricci curvature.
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Theorem 2.1. Suppose that M is a compact orientable hypersurface embedded in a compact n-dimensional orientable
Riemannian manifold N . If the Ricci curvature of N is bounded below by a positive constant k, then 2λ1 > k −
(n − 1)maxM |H | where λ1 is the first eigenvalue of the Laplacian of M .
Proof. Note that the first Betti number of N must be zero since the Ricci curvature of N is strictly positive. Combining
this with the fact that both M and N are orientable, by looking at the exact sequences of homology groups, one can
see that M divides N into two components Ω1 and Ω2 such that ∂Ω1 = ∂Ω2 = M .
Let f be the first eigenfunction of M , that is,
(1)f + λ1f = 0.
Let u be the solution of the Dirichlet problem such that:
(2)
{
u = 0, in Ω1;
u = f, in ∂Ω1 = M.
Then u is a function defined on Ω1 smooth up to ∂Ω1. Then
(3)u =
n∑
i=1
D2u(ei, ei) =
n+1∑
i=1
uii,
where uij = D2u(ei, ej ) for i, j = 1, . . . , n. When x ∈ ∂Ω1, when i = n, we have ∇ei ei = ∇ei ei − hiien, where
hij = h(ei, ej ). Hence, by (2) and (3), when x ∈ ∂Ω1 = M ,
(4)u = unn + f +
n−1∑
i=1
hiien(u) = unn + f + (n − 1)Hun,
where H is the mean curvature of M . Then, by (1) and (4), for x ∈ ∂Ω1,
(5)unn = λ1f − (n − 1)Hun.
For x ∈ Ω1, by the fact that u = 0, we have |∇u|2 = 2∑ni,j=1 u2ij +2∑ni,j=1 Rijuiuj , where Rij = Ric(ei, ej ).
By our assumption that Ricci curvature of N is bounded below by k, |∇u|2  2|D2u|2 + 2k|∇u|2, which implies
(6)
∫
Ω1
|∇u|2  2
∫
Ω1
|D2u|2 + 2k
∫
Ω1
|∇u|2.
When i = n, uin = D2u(ei, en) = ei(enu) − (∇ei en)u = ei(un) −
∑n−1
j=1 hijuj . On the other hand, using the Stokes
theorem,
∫
Ω1
|∇u|2 = 2
∫
∂Ω1
n−1∑
i=1
uiuin + 2
∫
∂Ω1
ununn
= 2
∫
∂Ω1
∇f · ∇un − 2
∫
∂Ω1
n−1∑
i,j=1
hijuiuj + 2
∫
∂Ω1
ununn
= −2
∫
∂Ω1
unf − 2
∫
∂Ω1
h(∇u,∇u) + 2
∫
∂Ω1
ununn
(7)= 4λ1
∫
∂Ω1
unf − 2
∫
∂Ω1
h(∇u,∇u) − 2(n − 1)
∫
∂Ω1
Hu2n.
P.T. Ho / Differential Geometry and its Applications 26 (2008) 273–276 275Here we have used (1) and (5). By Stokes theorem and (2),
(8)
∫
Ω1
|∇u|2 = −
∫
Ω1
uu +
∫
∂Ω1
uun =
∫
∂Ω1
unf.
Hence, by (7) and (8), we have
(9)
∫
Ω1
|∇u|2 = 4λ1
∫
Ω1
|∇u|2 − 2
∫
∂Ω1
h(∇u,∇u) − 2(n − 1)
∫
∂Ω1
Hu2n.
Combining (6) and (9), we obtain
(10)(2λ1 − k)
∫
Ω1
|∇u|2 
∫
∂Ω1
h(∇u,∇u) + (n − 1)
∫
∂Ω1
Hu2n +
∫
Ω1
|D2u|2.
Note that
∫
∂Ω1
h(∇u,∇u) = ∫
M
h(∇f,∇f ) and the outward normal vector of ∂Ω2 is −en, we have
∫
∂Ω2
h(∇u,∇u) =
− ∫
∂Ω1
h(∇u,∇u). Therefore, we can assume that ∫
∂Ω1
h(∇u,∇u)  0, otherwise, we can work with Ω2 rather
with Ω1. On the other hand, by Stokes theorem and Holder’s inequality,∫
∂Ω1
Hu2n −max
M
|H |
∫
∂Ω1
u2n
= −max
M
|H |
( ∫
Ω1
unu +
∫
Ω1
∇un · ∇u
)
(11)−max
M
|H |
( ∫
Ω1
|∇un|2
)1/2( ∫
Ω1
|∇u|2
)1/2
.
Here we have used (2). We consider two cases:
Case A. If
∫
Ω1
|∇un|2 
∫
Ω1
|∇u|2, then from (11), we have ∫
∂Ω1
Hu2n  −maxM |H |
∫
Ω1
|∇u|2. Since∫
Ω1
|D2u|2  0 and ∫
∂Ω1
h(∇u,∇u)  0, by (10), we have (2λ1 − k)
∫
Ω1
|∇u|2  −(n − 1)maxM |H |
∫
Ω1
|∇u|2.
Since
∫
Ω1
|∇u|2 > 0, we get 2λ1 − k −(n − 1)maxM |H |.
Case B. If
∫
Ω1
|∇un|2 
∫
Ω1
|∇u|2, then from (11), we have ∫
∂Ω1
Hu2n  −maxM |H |
∫
Ω1
|∇un|2. There-
fore, (10) implies that (2λ1 − k)
∫
Ω1
|∇u|2 + (n − 1)maxM |H |
∫
Ω1
|∇un|2 
∫
Ω1
|D2u|2 + ∫
∂Ω1
h(∇u,∇u)  0.
Since
∫
Ω1
|∇un|2 
∫
Ω1
|∇u|2, we have (2λ1 − k + (n − 1)maxM |H |)
∫
Ω1
|∇un|2  (2λ1 − k)
∫
Ω1
|∇u|2 +
(n − 1)maxM |H |
∫
Ω1
|∇un|2  0. Since
∫
Ω1
|∇u|2 > 0, ∫
Ω1
|∇un|2 
∫
Ω1
|∇u|2 > 0 by our assumption. Hence,
2λ1 − k + (n − 1)maxM |H | 0.
Therefore, in both cases, we have 2λ1  k − (n − 1)maxM |H |. We claim that it is impossible for the equality
holds. Suppose not, then by above argument, we must have
∫
Ω1
|D2u|2 = 0. From this, we get uij = 0 on Ω1 for all
1  i, j  n. Since u is smooth up to ∂Ω1, we get fij = 0 on M for 1  i, j  n − 1, which implies that f = 0
which is impossible since f is the first eigenfunction of M . This proves our claim. From this claim, we have 2λ1 >
k − (n − 1)maxM |H | as required. 
By taking H ≡ 0 in Theorem 2.1, we have the following improved result of Choi and Wang in [1]:
Corollary 2.1. Suppose that M is a compact orientable hypersurface minimally embedded in a compact n-dimensional
orientable Riemannian manifold N . If the Ricci curvature of N is bounded below by a positive constant k, then
λ1 > k/2 where λ1 is the first eigenvalue of the Laplacian of M .
We also have the following corollaries:
276 P.T. Ho / Differential Geometry and its Applications 26 (2008) 273–276Corollary 2.2. Let M be a compact orientable embedded hypersurface of Sn, the standard n-sphere of sectional
curvature 1. Then λ1 > (n − 1)(1 − maxM |H |)/2.
Proof. Corollary 2.2 follows from Theorem 2.1 since the Ricci curvature of Sn is n − 1. 
Remark. This is related to Yau’s conjecture [3], which asserts that the first eigenvalue of a compact embedded minimal
hypersurface of Sn must be n − 1. In [1], it is shown that λ1  (n − 1)/2. Therefore Corollary 2.2 improves it.
Corollary 2.3. Let M and N be the same as in Theorem 2.1. If dim(M) = 2 and M is of genus g with area A such
that k − 2 maxM |H | > 0, then A < 16π(1 + g)/(k − 2 maxM |H |).
Proof. From [2], we know that λ1A 8π(1 + g). Combining this with Theorem 2.1, Corollary 2.3 follows. 
Remark. It is shown in [1] that A 16π(1 + g)/k for M minimally embedded in N . Thus Corollary 2.3 is a gener-
alization of it.
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